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(d) $\lambda:\mathrm{L}\mathrm{a}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{i}\mathrm{a}\mathrm{n}\Leftrightarrow\lambda=\lambda^{\sigma}\Leftrightarrow\lambda:\mathrm{i}_{\mathrm{S}\mathrm{O}}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{i}_{\mathrm{C}}$ , coisotropic
(e) $\lambda:\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{C}\Leftrightarrow\sigma|\lambda\cross\lambda:\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}$
$(\nearrow\backslash )$ $\Lambda(n)=\{\lambda|\mathrm{L}\mathrm{a}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{i}\mathrm{a}\mathrm{n}\}$
$(–)$ ( 1) $U(n)$
$\lambda_{im}=\{x+y\sqrt{-1}|x=0, y\in \mathrm{R}^{n}\}$ $O(n)$
$\Lambda(n)=U(n)/O(n)$
$(_{\mathit{1}\text{ }}\mathcal{T})$ 1 (Souriou maP)
$W$ : $\Lambda(n)=U(n)/O(n)$ $arrow$ $U(n)$ (1)
$\lambda=U_{\lambda}\lambda_{im}$ $arrow$ $U_{\lambda}\cdots U_{\lambda}^{t}$












( ) ( 3) $g$ $\mathrm{R}^{2n}\cross \mathrm{R}^{2n}$
.
( 3) Souriou map
$Sp(2n;\mathrm{R})arrow\Lambda(2n)arrow U(2n)arrow U(1)$ , (4)
2 Souriou map $W$ 1 $\tilde{\tau}$
$\tilde{\tau}(g)=\lambda=\{(x, \xi, A_{X}+B\xi, Cx+D\xi)|x, \xi\in \mathrm{R}\}$ (5)
3 $g=\in$
$Sp(2n;\mathrm{R})$ $\tilde{\tau}(g)$ $g$
$i^{\gamma^{\backslash ^{\backslash }}}$ {\not\in $\text{ }$
$m_{sp}$
$m_{sp}= \frac{1}{2\pi}(\det\circ W\circ\tilde{\mathcal{T}})^{*}(d\theta)$ , $\theta\in S^{1}$ . (6)
$Sp(2n;\mathrm{R})$
Proposition 2.1 1. – :









$A,$ $B,$ $C,$ $D$
$\frac{\partial z’}{\partial z}$
$= \frac{1}{2}(\partial x-=-\frac{1}{2}(-\frac{\partial x\partial}{\partial x},-\frac{\partial}{\partial}u_{--}’i(^{\partial’}-\mathit{1}_{-}-\frac{\partial x’}{\partial y})\sqrt{-1}yy)(dx_{\partial x}’+dy’\sqrt{-1}))$
$=$







.S $\mathrm{y}\mathrm{m}\iota$) $(\mathrm{M})arrow\Lambda(2\dim_{\mathrm{C}}M))arrow U(2\dim_{\mathrm{C}}M))arrow U(1)$ , (9)
1 $\tilde{\tau}$ $\varphi$ $\varphi$ $(\mathit{0}, \varphi(\mathit{0}))$ $\lambda$
1 $m$
$m= \frac{1}{2\pi}(\det\circ W\circ\tilde{\tau})^{*}(d\theta)$ . (10)
1
$\mathit{0}$
1. ( ) M $M$
2. $M$ $A(M)$ $1J$
3. $M$ $G=A(M)_{0}$ $K=\{g\in G|g(\mathit{0})=\mathit{0}\}$
$G/K$
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4. M Lie $(A(M)_{0})$ $\tau_{\exp X}(X\in$
$M_{o})$
.
$=-$ $(\tau_{\exp}x)_{*}$ $M_{o}$ $\mathrm{M}_{\exp}$ x. ( $J$ )
.







( $|J$ ) Symp(M) 1
Definition 3.1







$m= \frac{1}{\pi}d\arg$ ( $\langle\varphi^{*}(\theta_{1^{\wedge}}*\ldots\wedge$
.





Proof. $\varphi$ SymP $(\mathrm{M})$ $\mathrm{H}$
$H^{i}(\varphi, x, \xi,\overline{x},\overline{\xi})=\overline{x}^{i}-\varphi^{(\overline{x}),i}(X, \xi)$ $(i=1, \cdots, n)$ ,
$H_{i}(\varphi, x, \xi,\overline{x},\overline{\xi})=\overline{\xi}_{i^{-}}\varphi^{(\overline{\xi}}i(_{X\xi)}),\cdot(i=1, \cdots, n))$
(14)
















$i$ (resp $.i$ ) (resp. )
$\mathrm{H}$ (14)
$\partial_{(x},{}_{\overline{\xi})}\mathrm{H}=$ , $\partial_{(\xi},{}_{\overline{x})}\mathrm{H}=$ (16)
(2)
$\frac{d}{2\pi}\arg \mathrm{d}e\mathrm{t}\frac{1_{2n}-\sqrt{-1}\partial_{(x,\overline{\xi}}^{2}S)(X,\overline{\xi})}{1_{2n}+\sqrt{-1}\partial_{(x,\overline{\xi}}^{2}S,)(X,\overline{\xi})}=\frac{d}{2\pi}\arg\frac{\mathrm{d}e\mathrm{t}(1_{2n}-\sqrt{-1}\partial 2S(x,\overline{\xi})(x,\overline{\xi}))}{\det(1_{2n}+\sqrt{-1}\partial 2s((x,\overline{\xi})x,\overline{\xi}))}$ (17)
(10)
$= \frac{d2}{2\pi}\arg \mathrm{d}e\mathrm{t}\{12n- \sqrt{-1}\partial_{(x,\overline{\xi})}^{2}s(x,\overline{\xi})\}$











Proposition 33 $M=D_{p,q}.(\mathrm{c})=\{Z\in M_{q},p|1_{p}-z*z>0\}$ I
$m$
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Proof $SU^{0}(P, q;\mathrm{c})$ 1 ( )
I
$D_{p,q}(\mathrm{C})$ $SU^{0}(p, q)/(U(q)\cross U(p))$ –
$|J$ $SU^{0}(p, q)$ $D_{p,q}(\mathrm{C})$ ([He] ):
$A=\in SU^{0}(p, q)$ $Z\in D_{p,q}(\mathrm{C})$
$A\cdot Z=(cZ+d)(aZ+b)-1$ (20)
:
$\mathcal{U}=\{P(Z)=|Z\in M(q,p;\mathrm{c})\}$ . (21)
$P(Z)\in D_{p,q}(\mathrm{C})$
$\Omega=\sqrt{-1}\mathrm{T}rPdP\wedge dP=\sqrt$-1Tr $\{\frac{1_{p}}{1_{p}-Z^{*}Z}dZ^{*}\wedge\frac{1_{q}}{1_{q}-Zz*}dZ\}$
$\sqrt{-1}X=\sqrt{-1}\in su(p, q)$ ( $X_{11}$ $p\cross p$- , $X_{12}$ $p\cross$
, $X_{21}$ $q\cross p$- , $X_{22}$ q $\cross$ q-
$=e\mathrm{x}p(-t\sqrt{-1}x)$ (22)
$Z(P_{0})=Z_{0}$ $P_{0}$ $\in D_{p,q}(\mathrm{C})$
$Z(\Phi(\exp(-\theta\sqrt{-1}x)P_{0}))=(\delta(t)Z_{0}+\gamma(t))\cdot(\beta(t)z_{0}+\alpha(t))-1$ (23)
$X=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\lambda$ $(\lambda= (\lambda_{1}, \cdots , \lambda_{P}, \lambda_{p+1}, \cdots , \lambda_{P+q}))$
$Z(\Phi(\exp(-t\sqrt{-1}x)P_{0}))$ (24)











$=$ $\frac{1}{\pi}\int_{0}^{2\pi}\frac{d}{dt}(\arg\det\frac{\partial}{\partial Z}\{\exp(-t\sqrt{-1}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\lambda_{p}+1, \cdots, \lambda p+q))\cdot$
$Z_{0^{\prime \mathrm{e}}}\mathrm{x}p(t\sqrt{-1}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\lambda_{1}, \cdots\}))\})\lambda_{p}dt$
$=$ $\frac{1}{\pi}\int_{0}^{2\pi}\frac{d}{dt}\mathrm{f}\arg(\mathrm{d}e\mathrm{t}e\mathrm{x}\mathrm{p}(-t\sqrt{-1}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\lambda p+1, \cdots, \lambda p+q))^{p}\cdot$
$\mathrm{d}e\mathrm{t}\exp(t\sqrt{-1}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\lambda_{1}, \cdots , \lambda_{p}))^{q}\}dt$
$=$ $\frac{1}{\pi}\int_{0}^{2\pi}\frac{d}{dt}(\arg e\mathrm{x}\mathrm{p}(-p\mathrm{T}r(\sqrt{-1}t\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\lambda+1\lambda p+q)p’\cdots,)\cdot$






4 2 (Godbillon-Vey class)
Symp(M) -
Godbillon-Vey class
$F$ ( ) 1 $F$





$[\eta\wedge d\eta]\in H_{DR}^{3}(M;\mathrm{R})$ (27)
well-defined
1. $d(r/\mathrm{A}d\eta)=0$ 3
2. $d\theta=\theta$ A $\eta’$ $\eta’=\eta+f\cdot\theta$
$f\theta\wedge d(f\theta)$ $=f\theta\wedge df$ A $\theta+f^{2}\theta\wedge d\eta+f\theta$ A $d(f\theta)$




’ $=\eta\wedge d\eta+\eta$ A $d(f\cdot\theta)+f\cdot\theta\wedge d\eta+f\cdot\theta\wedge d(f\cdot\theta)$
(29)
$=\eta\wedge d\eta-d(\eta\wedge f\cdot\theta)$
$[\eta’\wedge d\eta’]=[\eta\Lambda d\eta]$ (30)
Godbillon-Vey class
$Q=TM/\mathcal{F}$




$d\theta=\theta$ A $\eta$ 1
–
Definition 4.1 $TM$ $1J$ 9 $q$
$E$ $g$ $Q$ $X$ $E,$ $Q$ $X_{E},$ $X_{Q}$
$\wedge^{\backslash ^{\backslash }}$
$\nabla_{X}Z=\pi[x_{E}, z]+\nabla^{g}x_{Q}Z$ $(Z\in\Gamma(Q))$ (33)










$=- \frac{1}{2}\theta([X, Z])=-\frac{1}{2}\theta(\pi([X, Z]))$
$=- \frac{1}{2}\theta(\nabla x^{Z})=-\frac{1}{2}\theta(\varphi(x)\cdot Z)$
$=- \frac{1}{2}\varphi(X)$
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$($ cf. Definition $5.1)_{\text{ }}$ Bott homo-











$\lambda(\nabla_{0}, \nabla_{1})$ $:= \int_{\triangle^{1}}\Omega\wedge\Omega$
$= \int_{0}^{1}2tdt\eta\wedge d\eta$ (38)
$=\eta\wedge d\eta$
$\lambda$ Bott homomorohism
Godbillon-Vey class $=$ a cohomology class of the image of
$x^{2}$ by Bott homomorphism via basic connection (39)
and Levi-Civita connection
5
– Bott homomorphism $\mathrm{r}$
$\triangle^{r}=\{(t_{0}, t_{1r}, \cdots, t)\in \mathrm{R}^{r+1}|t_{i}\geq 0, \sum_{i=0}^{r}t_{i}=1\}$ (40)
$\mathrm{G}$ $Parrow M$ $\nabla_{i}(i=0, \cdots, r)$ $P\cross\triangle^{r}arrow M\cross\triangle^{r}$ $\tilde{\omega}$
$\tilde{\omega}=\sum_{i=}^{r}0ti$ . $\omega_{i}$ $\rceil J$ $\mathcal{G}$
$f$ $:\mathcal{G}\cross\cdots\cross \mathcal{G}arrow \mathrm{R}$
$\mathrm{s}.\mathrm{t}$ . symmetric multi-linear (41)
and $(ad\gamma)^{*}f=f$
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Definition 5.1 Bott homomorphism
$\lambda(\nabla_{0}, \nabla_{1}, \cdots.\nabla r)f=(-1)[\frac{r+1}{2}]\int_{\Delta^{r}}f(\Omega, \Omega, \mathrm{r}\cdot\cdot, \Omega)$ (42)
$\lambda(\nabla_{0}, \nabla_{1}, \cdots, \nabla r)$ : $I^{k}(G)arrow\wedge^{2k-r}(M)$ (43)
$\tilde{\Omega}$
$\tilde{\omega}$ $I^{k}(G)$






M $M$ – $\mathrm{e}\mathrm{x}\mathrm{p}:M$ $arrow M$







( $\omega\ominus\omega$ ) $U(n\mathrm{x}n)$
$\varphi\in$ Symp(M) $\varphi$
$\hat{g}|_{\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{p}\mathrm{h})}(\varphi=\varphi_{*}^{t}g\varphi_{*}+g>0$ (45)







(( $e_{1,}\ldots,$ e , $\hat{J}e_{1,)}\ldots\hat{J}e_{n}$ ) R-
)
1




$[x_{1}, \cdots, x_{n’ 1,n’ 1}Y\cdots, YX^{\prime,,..x_{n},Y_{1}}\prime l, \cdots, Y_{n}/]$ (47)
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$Id\in \mathrm{S}\mathrm{y}\mathrm{m}\mathrm{p}(\mathrm{M})$ $=$ $=-$
$\langle\lambda_{im}\rangle=[X_{1n}, \cdots, x, Y_{1’ n}’\ldots Y’]$ (48)
$\varphi\in \mathrm{S}\mathrm{y}\mathrm{m}\mathrm{p}(\mathrm{M})$ $2_{-}$ $=-$
$U(\varphi,p, X)\langle\lambda_{im}\rangle$ (up to $O(2n)$ ) (49)
$U(\varphi, p, X)\langle\lambda_{im}\rangle$ $P$
$\omega_{0}(\varphi)=\omega(\varphi)+U(\varphi, p, X)-1dU(\varphi, p, X)$ (50)
$P$ Bott homomorphism






$d$ $\triangle_{1}\cross \mathrm{S}\mathrm{y}\mathrm{m}\mathrm{p}(\mathrm{M})\cross(M\cross M)$













$=d \log\{\frac{\det(U(\varphi)\cdot U(\varphi)^{t})}{\det(U(Id)\cdot U(Id)t)}\}$ (54)
Proposition 32 Proof
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